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A novel type of charged excitation, known as a Skyrmion, has recently been discovered in 
quantum Hall systems with filling factor near v = 1. A Skyrmion — which can be thought 
of as a topological twist in the spin density of the electron gas — has the same charge 
as an electron, but a much larger spin. In this review we present a detailed theoretical 
investigation of the optical properties of Skyrmions. Our results provide means for the 
optical detection of Skyrmions using photoluminescence (PL) spectroscopy. We first 
consider the optical properties of Skyrmions in disordered systems. A calculation of the 
luminescence energy reveals a special optical signature which allows us to distinguish 
between Skyrmions and ordinary electrons. Two experiments to measure the optical 
signature are proposed. We then turn to the optical properties of Skyrmions in pure 
systems. We show that, just like an ordinary electron, a Skyrmion may bind with a hole 
to form a Skyrmionic exciton. The Skyrmionic exciton can have a lower energy than the 
ordinary magnetoexciton. The optical signature of Skyrmions is found to be a robust 
feature of the PL spectrum in both disordered and pure systems. 

1. Introduction 

Imagine piercing a sphere with arrows pointing in a direction normal to the surface 
of the sphere. Then imagine stereographically projecting the surface of the sphere 
onto a flat plane, keeping the direction of the arrows fixed. The resulting distribution 
of arrows in the plane is a vector field with a peculiar twist known as a Skyrmion. 

Skyrmions were introduced by T. H. R. SkyrmeElin 1958 as a way of representing 
the nucleon in terms of the underlying pion field. During the following decades most 
interest for Skyrmions came from nuclear physicists and particle physicists. That 
changed a few years ago when S. L. Sondhi, A. Karlhede, S. A. Kivelson, and E. 
H. Rezayii — building on earlier work by D. H. Lee and C. L. Kanei — predicted the 
existence of Skyrmions in a two-dimensional (2D) electron system subjected to a 
perpendicular magnetic field of a particular strength. The strength of the magnetic 
field is such that the filling factor v = 2Tri'^ns (where £ — y/hc/eB is the magnetic 
length and is the electron density) is equal to an odd integer (v = 1,3, 5, . . .). 
Under these conditions the 2D electron system exhibits the well-known (integer) 
quantum Hall effect. Skyrmions occuring in a 2D electron system subjected to a 
magnetic field have thus become known as "quantum Hall" Skyrmions. 

The first experimental evidence for quantum Hall Skyrmions was obtained by 
Barrett, Dabbagh, Pfeiffer, West, and TyckoQ. They used nuclear magnetic reso- 
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nance (NMR) spectroscopy to measure the Knight shift of ''-'^Ga nuclei located in a 
n-doped GaAs quantum well. The Knight shift is directly proportional to the spin 
polarization of the 2D electron gas surrounding the nuclei. Barrett et al. observed 
a precipitous drop of the Knight shift as the filling factor is varied away from v = 1^ 
indicating that the spin of the charged excitations at = 1 is much larger than i. 
Evidence for Skyrmions was also obtained by Schmeller, Eisenstein, Pfeiffer, and 
Wesil3 using tilted-field magnetotransport measurements, and by Aifer, Goldberg, 
and Broidol using interband optical transmission spectroscopy. Maude et azJzl have 
determined the spin activation gap ai v — 1 using transport measurements under 
hydrostatic pressure. They found that a spin activation gap exists even at zero 
Zeeman energy, in agreement with the theoretical predictionH based on Skyrmions. 

The past three years have seen an explosion of theoretical work on quantum 
Hall Skyrmions. Below we briefly summarize some important developments. In 
their pioneering paper Sondhi et al. employed a field-theoretic approach in which 
it was difficult to include the effect of a nonzero Zeeman energy. A variational 
Hartree-Fock approach which allows for the iriclusion of the Zeeman energy was 
proposed by Fertig, Brey, Cote, and MacDonaldcl. These authors also proposed that 
the ground state away from odd-integer filling factors is a crystal of SkyrmionsEI. 
In addition, they studied the dynamics of a single Skyrmion bound to a charged 
impurityS. A field-theoretic approach to the low-temperature properties of a multi- 
Skyrmion system was developed by Green, Kogan, and Tsvelikliil. The variational 
wave functions for a single Skyrmion proposed by Fertig et al. are eigenstates of 
Lz ± Sz (where Lz and Sz are the z components of the orbital and spin angular 
momentum, respectively), but not of Lz and Sz separately. Skyrmion states that 
are eigenstates of Lz and Sz were found by MacDonald, Fertig, and BreyEl for 
a hard-core model Hamiltonian. An alternative variational approach which uses 
Landau-gauge jvave functions (rather than the circular-gauge wave functions used 
by Fertig et alB) has been proposed by Bychkov, Maniv, and Vagnert2l. Numerical 
studies of Skyrmion excitations a± v — 1 have been carried out by Xie and HeEJ. 
The possible existence of Skyrmions at fractioiial filling factors (in particular v = ^) 
has been explored by Kamilla, Wu, and JainllS, and by Ahn and Changt£l. 

In this review we give a detailed account of the optical properties of quantum 
Hall Skyrmions. In particular we address the question of how the optical properties 
of Skyrmions differ from those of ordinary electrons. Our aim is to provide means 
for the optical detection of Skyrmions using PLsoectroscopy. Brief accounts of 
parts of this work have been published elsewherelHrEJ. 

The paper is organized as follows. In Sec. 2 we review the variational description 
of Skyrmions proposed by Fertig, Brey, Cote, and MacDonaldEl. This approach is 
very useful for discussing the optical properties of Skyrmions. We also review three 
key experiments that have given evidence for the existence of Skyrmions aX v = \. 
In Sec. 3 we give an overview of the PL experiments that have been carried out on 
quantum Hall systems, and recall what information these experiments provide. We 
reproduce the PL spectrum that is experimentally observed near v = 1 and explain 
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its basic features in terms of a simple model. Sections 4 and 5 — which make up the 
main part of the paper — are concerned with the optical properties of quantum Hall 
Skyrmions in disordered and pure systems, respectively. The main results of the 
paper are summarized in Sec. 6. 

2. Skyrmions in Quantum Hall Ferromagnets 

Consider a 2D electron gas lying in the x-y plane and subjected to a perpendicular 
magnetic field B = Bz. The physical properties of the 2D electron gas depend 
sensitively on the filling factor v. The filling factor is the ratio between the number 
of electrons and the orbital degeneracy of a Landau level. Here we consider systems 
for which the filling factor is an odd integer: v = 1, 3, 5, . . .. We focus in particular 
on the filling factor v = 1 for which only the lowest Landau level is occupied. In 
the symmetric gauge with vector potential A = ^-B(a;, — uJ]), the single-particle 
wave functions for the lowest Landau level have the formllj (in units where I = 
^fic/eB = 1) 

(/)™(r) ^ (2™+l7^m!)-l/V™e"™'^e"'■'/^ (1) 

where r = {x^y) is the position of the electron in the plane, r — \J x^ ^ y"^ is the 
magnitude of r, and = arctan(7;/x) is the angle between r and the x axis. The 
ground state of the 2D electron gas at filling factor = 1 is |0) = nm=o ^mTl^^*")' 
where |vac) is the empty conduction band, and e'^^ creates a spin-| electron in the 
state 0m (r). Thus the 2D electron gas at filling factor = 1 is a ferromagnet, with 
all electron spins aligned parallel to the magnetic field^. The ground state of the 2D 
electron gas at higher odd-integer filling factors (:/ = 3, 5, . . .) is also a ferromagnet, 
in which the lowest v spin-l Landau levels and the lowest (y ~ 1) spin-| Landau 
levels are completely filled, and all other Landau levels are empty. In the following 
we study the elementary charged excitations of a 2D electron gas ak, v = \. With 
a few modifications, the results also apply to the higher odd-integer filling factors 
= 3, 5, . . .. 

2.1. Elementary charged excitations at v = \ 

The elementary charged excitations of a 2D electron gas &\,v—\ are the excitations 
obtained by adding or removing an electron from the state |0). One must keep in 
mind that at filling factor v = \ adding an electron is equivalent to removing a 
flux quantum $o = /ic/e, while removing an electron is equivalent to adding a flux 
quantumE2l. The elementary charged excitations are eigenstates of the Hamiltonian 
H = Z + where 

^ = ^l.9e|MsS^(e|„^e„x -|-e™|e|„^), (2) 

m 

^The spins are parallel to the magnetic field — instead of antiparallel, as for free electrons — because 
the Lande g factor is negative in GaAs. 
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^ ^2 ^ ^ ^ ^ KTim'm"m"'^mcr^m'cr'^'""o-'^"i"'o-- (3) 
ctct' mm' m" m'" 

Here tr is the spin of an electron (cr = | or |), and V^^,^„^,„ is a matrix ele- 
ment of the electron-electron interaction V'^'^{r) — e^/er, where e is the background 
dielectric constant. We have taken the energy of the state |0) as the zero of our 
energy scale. The nature of the elementary charged excitations is determined by 
the interplay between the Zeeman energy Z and the electron-electron interaction 
V^"^. It is convenient to introduce the parameter g — ^Ig^lnBB / {e"^ /e£), which is 
the ratio of the Zeeman energy ^\ge\nBB to the typical Coulomb energy e'^/ei. For 
noninteracting electrons (17 = 00) the elementary charged excitations are spin- J, elec- 
trons (eJ^j^lO)) and spin-f holes {em^\0)). For large but finite g the electron-electron 
interaction can be treated using perturbation theory. Because V^*^ contains no 
terms that flip the spin of an electron, the elementary charged excitations at large 
g still have spin i. However, as g is lowered the nature of the elementary charged 
excitations changes dramatically — they become Skyrmions. 

Skyrmions are twists in the spin density of the 2D electron gas. Figure 1 shows 
a slice of the spin profile of a Skyrmion along the x axis. The full spin profile is 
obtained by rotating the slice around a vertical axis through x — (the z axis). 
Figures 1(a) and 1(b) show the spin profile of a negatively and a positively charged 
Skyrmion, respectively. The spin points down at the center of the Skyrmion (x = 0). 
As one moves radially outward the spin rotates smoothly until it points up at the 
edge of the Skyrmion {x = ±A). To understand the connection between the sense 
of the spin twist and the charge of the Skyrmion we trace the spin along a circular 
path lying in a plane perpendicular to the paper (the x-y plane) that encloses the 
center of the Skyrmion. For the negatively charged Skyrmion shown in Fig. 1(a) 
the spin precesses as if a magnetic flux —$0 had been inserted at the origin. Since 
at = 1 removing a flux quantum is equivalent to adding an electron, the spin twist 
in Fig. 1(a) has charge — e. For the positively charged Skyrmion shown in Fig. 1(b) 
the spin precesses in the opposite sense yielding an excitation with charge +e. 

2.2. Variational approach to Skyrmions 

Because Skyrmions have a spin much larger than ^ one cannot calculate their energy 
by starting from the noninteracting case and treating V'^'^ using perturbation theory. 
A similar situation arises in superconductivity, where the energy of the supercon- 
ducting state cannot be obtained from the normal state by treating the pairing 
interaction between the electrons using perturbation theory. The BCS treatment 
of the superconducting state provides a clue for the description of^kyrmions. The 
variational states proposed by Fertig, Brey, Cote, and MacDonaldB are 

00 

IV'-) = (ume|,4em+iT +i'm)eoT|0), (4) 

m=0 

00 

10+) = n (~""^m-hUemT +Wm)eJ)JO). (5) 
m=0 
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The state {\tp+)) describes a positively (negatively) charged Skyrmion localized 
at thiL origin of the x-y plane''. The state jV'-) is analogous to the BCS 

statec3, except that the pairing now occurs between a spin-| electron (spin-t hole) 
in the mth angular momentum state and a spin-l hole (spin-| electron) in the 
(m + l)th angular momentum state of the lowest Landau level. 

The energy of the Skyrmion is obtained by minimizing the expectation value of 
H in the state \ip±), subject to the constraint + |wmp = 1. Figure 2 shows the 
energy and spin of a negatively charged Skyrmion as a function of the parameter 
g. The energy of a spin-^ quasielectron is also shown for comparison. A positively 
charged Skyrmion has the same energy (up to a g-independcnt constant) and spin 
as a negatively charged SkyrmiorJl. The size of the stable spin twist is determined 
by a competition between the Zeeman energy, which opposes spin flips (and hence 
tries to minimize A), and the exchange interaction, which favors a gradual spin 
reversal (and therefore tries to maximize A). At large g the energy cost of flipping 
spins is prohibitive and the lowest energy excitation is a spin-i quasiparticle. As 
g is lowered the size of the Skyrmion increases and its energy falls below that of a 
spin-i quasiparticle. Near g — the Skyrmion becomes a macroscopic object whose 
size is determined by the sample boundary. 

2.3. Experimental evidence for Skyrmions 

The first experimental evidence for large-spin charged excitations near v — 1 was ob- 
tained by Barrett, Dabbagh, Pfeiffer, West, and TyckoQ using an optically pumped 
NMR technique. By measuring the Knight shift of ^^Ga nuclei embedded in a quan- 
tum well these authors were able to determine the degree of spin polarization of the 
2D electron g function of the filling factor v. If the charged excitations were 

spin-i quasiparticles one would expect the spin polarization to remain constant for 
v < 1, and decline gradually for v > \. Instead, Barrett and coworkers observed 
a rapid decrease of the spin polarization on both sides of = 1. This is consis- 
tent with positively and negatively charged excitations of large and equal spin — i.e. 
Skyrmions. 

Further evidence supporting the existence of Skyrmions at = 1 was provided 
by Schmeller, Eisenstein, Pfeiffer, and Westi. They performed activated magneto- 
transport measurements of the energy gap A for creating a pair of quasiparticles at 
V = 1. The energy gap is found from the temperature dependence of the longitudi- 
nal resistance using R^x — i?o exp(— A/2fcBT). The spin s of the quasiparticle pair 
is obtained by measuring the change in A produced by tilting the total magnetic 
field i?tot away from the normal to the 2D plane (while keeping the perpendicular 
field -Bj_ constant). The energy gap is given by 

^^ ^o{Bl_) + s\ge\^JiBBtot■ (6) 

The first term, Ao(-B±), is the contribution to the energy gap from V'^'^ . For an 

'-'The subscript ± on |V'±) denotes the sign of the topological charge Q = ±1. The electric charge 
is given by —Qe. 
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infinitely thin 2D electron gas this term only depends on the perpendicular field 
controlling the orbital motion. The second term is the Zeeman energy of the quasi- 
particle pair. According to Eq. (j^) the slope 9A/9i?tot at constant is just 
■s|.9e|/is- Schmcller and company measured the variation of A with _Btot in GaAs 
quantum wells at several odd- integer filling factors. At = 3 and v — b they ob- 
served slopes with s = 1, as expected for a pair of spin-^ quasiparticles. However, 
dX V — \ they observed a much larger slope with s « 7. This implies that the 
quasiparticles aX v = 1 (but not those dX v = i and u = b) are Skyrmions with a 
spin of approximately 3.5. 

Evidence for Skyrmions aX v = \ was also obtained by Aifer, Goldberg and 
BroidoQ using interband optical transmission spectroscopy. Their experiment con- 
sisted of a measurement of the absorption coefficients for right and left circularly 
polarized (RCP and LCP) light as a function of filling factor between v = 0.6 and 
v = 1.4. In a simple modeB the absorption coefficient for RCP (LCP) light is 
proportional to the number of available (i.e. unoccupied) states Na^ {^A-^ ) in the 
spin- J, (spin-|) lowest Landau level. The number of available states, Na^ [<J = 
I or t), is related to the number of occupied states {N^r) by Na„ = Nb — N^, 
where Nb is the Landau level degeneracy. The spin polarization per electron is 
Sz = (Ni - iV|)/iV, where TV = iV| + iV| is the total number of electrons. The 
difference between the RCP and LCP absorption intensities thus provides a direct 
measurement of the degree of spin polarization of the electron gas. Using this tech- 
nique, Aifer and coworkers found a rapid decay of the spin polarization on both sides 
of = 1, which is inconsistent with quasiparticles of spin i. From the rate of decay 
of the spin polarization they deduced values of 2.5 and 3.7 for the Skyrmion spin 
in their samples. 

3. PL Spectroscopy of Quantum Hall Systems 

Spectroscopic methods based on the radiative recombination of 2D electrons with 
photoexcited holes have developed into a powerful tool for studying the quantum 
Hall effect. Optical measurements can give information about fundamental aspects 
of quantum Hall systems. For example, photoluminescence (PL) and photolumines- 
cence excitation (PLE) measurements yield transition energies, polarization studies 
are sensitive to the electron spin, and ultrafast pump-and-probe experiments mon- 
itor carrier relaxation processes on a sub-picosecond timescale. In this work we 
consider the PL spectroscopy of quantum Hall systems near v = 1. 

3.1. Intrinsic and extrinsic PL 

PL studies of quantum Hall systems can be divided into two types according to 
the experimental setup employed. Intrinsic PL experiments study the recombina- 
tion of 2D electrons with photopccitedjioles in standard GaAs/Gai-ajA^As het- 
erojunctions and quantum wellsE3nJ'E3E3. Figure 3 shows the band diagram of a 
one-side modulation-doped GaAs/Gai_2;Ala;As quantum well. The structure con- 
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sists of a GaAs layer sandwiched between two Gai_2:Al:rAs barriers. Only the left 
Gai-ajAljjAs barrier is doped, leading to an asymmetric band profile. The energy 
spectrum in the absence of a magnetic field consists of a series of conduction and 
valence subband£0. Only the lowest conduction subband (i?o) and the highest 
valence subband {HHq) are shown in Fig. 3, along with the corresponding z wave 
functions. The electrons are confined near the interface between the GaAs layer and 
the left Gai_a; AI2; As barrier, while the holes are confined on the opposite side of the 
well, near the interface between the GaAs layer and the right Gai_2;Alj;As barrier. 
The dotted lines indicate the average positions of the electrons and holes along z. 
For simplicity we consider a model in which the electrons and holes are confined 
to infinitely thin planes separated by a distance d. This amounts to approximating 
the z wave functions by S functions. The effect of the finite extent of the z wave 
functions on the PL spectrum is discussed in Sec. 4.7. 

Extrinsic PL experiments utilise specialized structures, in which a (5-doped layer 
of acceptors is^psm into the GaAs at a certain distance from the Gai_2;Ala;As- 
GaAs interfaceE2lE3E3. The recombination studied in extrinsic PL is between a 2D 
electron and a hole bound to an acceptor in the <5-doped layer. Extrinsic PL is quite 
different from intrinsic PL because the acceptor is charge neutral in the initial state. 
The type of PL considered in this work is intrinsic PL. 

An intrinsic PL experiment consists of three stages. In the first stage electrons 
are promoted from the GaAs valence band into the GaAs conduction band by a 
pump laser tuned below the Gai-jjAl^jAs band gap. Pump intensities are kept low 
(< 10"'' Wcm~^) to prevent heating of the electron gas. In the second stage the 
photoexcited carriers relax to the lowest energy state within their respective energy 
bands. The intraband relaxation takes place on a timescale (picoseconds) which is 
short compared to the radiative recombination time (nanoseconds). In the third 
stage the photoexcited holes recombine with either photoexcited electrons or 2D 
electrons. Recording the number of emitted photons of frequency lo and polarization 
a {a — +1 for RCP and a — —1 for LCP) yields the (polarization-resolved) PL 
spectrum Pa{u!). 

3.2. PL spectrum 

According to the Fermi Golden Rule, the PL spectrum is given by 

Pa,iio) = 2nY,nMf\L^\i)\''6iLu-E, + Ef). (7) 

Here \i) (|/)) is the initial (final) state before (after) recombination, is the occu- 
pation of initial states, and La is the luminescence operator (given further below). 
The energy lo of the emitted photon is equal to the difference between the energy 
of the initial state {Ei) and the energy of the final state {Ef). Assuming complete 
relaxation of the photoexcited carriers prior to recombination, the occupation of 
initial states is — ■i-e^^'/'^^"^, where Z — 'J2^e~^'^''^'^ is the partition function 
at temperature T. PL studies of quantum Hall systems are done at temperatures as 
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low asT — 0.1 K (corresponding to an energy of about 0.01 mcV). At these temper- 
atures only the initial state with the lowest energy, jio), has significant occupation. 
Setting m = Si^ia in Eq. 

P^iio) = 2TrY,\{f\La.\to)fSiLu - E,, + Ef), (8) 
/ 

where Ei^ is the energy of the state |io}. As compared to the ground state |0}, the 
initial state |io) has one more negatively charged excitation in the conduction band 
and a hole in the valence band. Provided the hole does not significantly perturb 
the electron gas, the negatively charged excitation is precisely the one studied in 
Sec. 3.1. We may therefore expect to see a signature of Skyrmions in the PL 
spectrum at = 1. 

3.3. PL spectra near v = 1 

A number of PL studies near v = 1 have been reported in the literature^illiiS. 
Below we summarize the results of two representative studies. Figure 4 shows the 
results of an experiment by Turberfield et a/.c3 on a GaAs/Gao.68Alo.32As single 
heterojunction. The figure shows the magnetic-field dependence of the energy of the 
Eq luminescence line arising from the recombination of 2D electrons in the lowest 
conduction subband (Eq) with holes in the GaAs valence band. The inset shows the 
line shapes at selected magnetic fields near v = 1. The important features are: 

(i) There are two lines on the low-_B side of i/ = 1, and one line on the high-_B 
side. 

(ii) The lower-energy line has an abrupt redshift as the magnetic field is increased 
past — 1. 

Polarization-resolved PL studies of GaAs/Gai_a;Ala;As quantum wells and het- 
erojunctions in the quantum Hall regime have been reported by Goldberg et al£5 
The PL spectra in wide quantum wells (with well widths of 400-500 A) and single 
heterojunctions have the following features: 

(i) There is a RCP line and a LCP line on the \ow-B side of = 1, and only a 
LCP line on the high-B side. 

(ii) The LCP line has an abrupt redshift as the magnetic field is increased past 
1/ = 1. 

The important f eatures of the PL spectrum near v — 1 can be explained using 
a simple modelEllH in which the electrons occupy the lowest Landau level of the 
Eq conduction subband, and the holes occupy the highest Landau level of the HHq 
valence subband (see Fig. 3). The electrons have spin | or J,, and the holes have 
rrij = ±|. The lowest-energy transition in LCP is from the spin-f electron state to 
the rrij = -|-| hole state, and the lowest-energy transition in RCP is from the spin- J, 
electron state to the nij = — | hole state. 
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In Fig. 5 we compare a PL experiment at v = 1 with a PL experiment at the 
fining factor just below v — 1 where one spin-| electron is missing from the lowest 
Landau level [Fig. 5(a)]. We denote this filling factor hy v — \^ . At = 1 the state 
before recombination has one extra spin-| electron and a valence hole [Fig. 5(b)]. 
The photoexcited electron must have spin J, because the spin-| Landau level is 
completely filled. At v = 1~ the state before recombination has a filled spin-f level 
and a valence hole. The photoexcited electron has filled up the hole in the spin-t 
Landau level that was present in the ground state at u ~ 1^ . 

In the LCP transition a spin-f electron recombines with a rrij = +f hole. This 
transition can take place both at v = 1 and at v = \~ [Fig. 5(c)]. We thus expect 
to see a LCP line on both sides oi v ^ \. In the RCP transition a spin-| electron 
recombines with a nij = — | hole. This transition can take place at = 1, but not 
at V = 1~, where no spin-j electrons are available in the initial state [Fig. 5(d)]. We 
thus expect to see a RCP line on the \ow-B side of v = 1^ but not on the high-B 
side. 

To explain the redshift of the LCP line we compare the states before and after 
LCP recombination at v ^ \ and v = 1~ [Figs. 5(b) and (c)]. The spin- J, electron 
and the valence hole in the initial state at v — 1 will bind to form an interband 
exciton. This means the initial state at u — 1 has a lower energy than the initial 
state at 1/ = 1^, which has an unbound valence hole. The energy difference is 
= —Bx, where Bx is the binding energy of the interband excitoiO. Similarly, 
the spin- 1 electron and the spin-f hole in the final state at v = I will bind to form 
a spin wave. Hence the final state at = 1 has a lower energy than the final state 
at p = 1~ , which has an unbound spin-l hole. The energy difference between the 
final states is AEf — —Bsw, where Bsw is the binding energy of the spin waveE3. 
The shift of the LCP luminescence line is given by Auj = AEi — AEf — Bsw ~ Bx- 
Because the spin- J. electron and the valence hole are spatially separated along z, 
while the spin- J, electron and the spin-f hole are both in the same plane, the spin 
wave has a larger binding energy than the interband exciton. Hence the LCP line 
shifts to lower energies (redshift) as the magnetic field is increased past v — 1. 

4. Optics with Skyrmions in Disordered Systems 

The simple model discussed in Sec. 3.3 is based on a quasiparticle picture of the 
charged excitations at = 1. What if the charged excitations were Skyrmions, 
instead of spin-i quasiparticles? In what way does the recombination spectrum of 
Skyrmion differ from that of a spin-^ quasielectron? These are the questions this 
section aims to address. 

Besides being of interest for the PL spectrum at u = 1 , these questions are also of 
broader relevance to the optical properties of quantum Hall systems at other filling 
factors. The v = I state serves as a prototype for spin-polarized states at higher 
odd-integer filling factors {v ~ 3,5, . . .), and, via the composite-fermion pictureEj, 
also for spin-polarized_states at fractional filling factors {i/ — i,!,...). Indeed, 
it has been suggestedEj that the elementary charged excitations at ly ~ i , | , . . . 
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can be regarded as Skyrmions of composite fermions. An understanding of the 
recombination spectrum a.i v — 1 could therefore provide important clues about 
the recombination spectrum of spin-polarized states at other filling factors. 

We start our investigation of the optical properties of Skyrmions with a study 
of disordered systems. The localization of the photoexcited hole by the disorder 
potential considerably simplifies the mathematical treatment of the initial state. 
The optical properties of Skyrmions in pure systems are discussed in Sec. 5. 

4.1. Sources of disorder 

Sources of disorder in a modulation-doped quantum well of the type shown in Fig. 3 
include: 

• Ionized impurities in the doped layer. 

• Residual impurities in the undoped layers. 

• Roughness of the interface between the GaAs and Gai_a;Al2;As layers. 

• Fluctuations in the alloy composition of the Gai_2;Alj;As layers. 

To model the disorder we introduce disorder potentials ^'^(r) and t/''(r) acting on 
the electrons and holes, respectively. The dominant contribution to V'^{r) comes 
from ionized impurities in the doped layer. To achieve a higher electron mobil- 
ity an undoped spacer layer is grown between the doped layer and the GaAs well 
(see Fig. 3). The ability to spatially separate the electrons from the donor im- 
purities accounts for the extremely high mobilities achieved in modulation-doped 
heterostructures when compared to bulk semiconductors. The larger separation be- 
tween the doped layer and the holes reduces the contribution of this type of disorder 
to V^{r). 

Disorder due to interface roughness is expected to dominate V^{y). The holes 
are confined near the so-callfid "inverted" interface (i.e. GaAs grown on top of 
Gai-a^AlajAs) which is knowna to have a higher degree of disorder than the "nor- 
mal" interface (Gai_a:Ala;As on top of GaAs). It was, in fact, the difficulty of 
growing a smooth inverted interface that prompted the introduction of the one-side 
modulation-doped quantum welS. Doping only on t he side of the normal interface 
pulls the electrons away from the inverted interfacetB, thus significantly reducing 
the contribution of this type of disorder to (r) . 

In the following we neglect V{t) compared to V*^{r). This is reasonable given 
the very high mobility of the samples used in recent experimentsilH. Note that 
V^{y) docs not affect the mobility because no holes are present prior to illmiiination. 

4.2. Initial state in a disordered system 

Consider the optical recombination of a Skyrmion with a hole localized near a 
minimum in V^''{y). We choose the location of the minimum as the origin of our 
coordinate system. Provided the disorder potential varies slowly on the scale of 
£, the hole is in the to = state. The Skyrmion also becomes localized near the 
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origin due to the Coulomb attraction between the Skyrmion and the hole. Assuming 
complete energy relaxation prior to recombination, the initial state is given by 

oo 

No) = n (-^™^m+U + "'"eLt^^i'^Lj |vac). (9) 

m— 

The parameters Um and Vm are determined by minimizing the expectation value of 
H = Sq^.+ Z + V'^'^ in the state \io), subject to the constraint lumP + li'inP = 

1. Here ' 

eB 

4m, ^^3 + ^+ mjgh^iBB (10) 

is the energy of the hole'^, where Eg is the bandgap at zero magnetic field, ^ = 
ruemh / [me + rnh) is the reduced mass, and gn is the Lande g-factor for the hole. Z 
and V^*^ are given by Eqs. (||) and (||), respectively, and 

yeh _ yeh f .f h „ e n, {\V\ 

a,mj mm' m" m'" 

is the electron- hole interaction. Here V^^,^„^,„ is a matrix element of V'^'^{r) — 
e^/e\r + zd\, where d is the separation between the electron and hole planes along 
z (see Fig. 3). 

To evaluate the expectation value we use the relations 

{io\elal(^ml\io) = \Um~lf, (12) 

(*o|eJ„|e™||io) = \vrnf, (13) 
(*o|eJ„+i^e™||io) = -<„Wm- (14) 

The first (second) relation gives the probability of finding an electron with spin | ("f ) 
in the mth angular momentum state. We define u_i = —1 and w_i = to account 
for the definite occupation of the m = state by a spin- J, electron. The third 
relation expresses the pairing correlation between a spin- J, electron in the (rn + l)th 
angular momentum state and a spin-f electron in the mth angular momentum state. 
With the aid of these relations we find 



(io\H\io) = eL- +U" - - - U'^ (15) 



where 



U"" = ^\ge\^^BBY,i\u^.,\^-\v^\^ + l), (16) 

m=0 



U 



^ OO 

" = o J2 K;;.w™(K-iP + KP-i)(K'-iP + k™f -1), (17) 



2 

m.m'— 



•^Recall that we have chosen the energy of the state |0) as the zero of our energy scale. 
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= 2 ^ V:n'm'mm'{\^^-l\'\Um'-l\' + \Vn.\'\Vm'\' -1), (18) 
m,m'=0 
oo 

jjsk _ ^ K^m'm-lm'+l'^m-l'^m-lWm''2^mM (19) 
m,m'=0 

oo 

^eh ^ Y.y^^Om{\Um-l? + \Vm?-l)- (20) 
m=0 

The expectation value of H is the sum of six terms. The first term is the energy 
of the hole. The second term {U^) is the Zeeman energy of the Skyrmion. Since 
Um and Vm 1 when m ^ oo the sum over m converges. The third term 
(U^) has contributions from the direct Coulomb interaction among the electrons 
(Hartree energy), the Coulomb interaction between the electrons and the positive 
background, and the Coulomb energy of the positive background itself. The fourth 
term {If^^) is exchange interaction between electrons of parallel spin. The factor of 
— 1 inside the parentheses comes from subtracting the exchange energy of the state 
|0). The fifth term (U^^) is the correlation energy which arises from the pairing of 
a spin- J, electron in the (m + l)th angular momentum state with a spin-f electron 
in the mth angular momentum state. Finally, the sixth term (U'^^) is the Coulomb 
interaction between the electrons and the hole. 

The results of a numerical minimization of (io|i^|io) are shown in Fig. 6. Fig- 
ure 6(a) shows the difference between the minimized energy of the state |io) (con- 
sisting of a Skyrmion and a hole) and the energy of the state eg^/ig^^. |0) (consisting 
of an spin-| electron and a hole against a u = 1 background). Figure 6(b) shows 
the corresponding difference in spin between the two states. The energy and spin of 
the Skyrmion are determined by three competing effects. As in Fig. 2 the Skyrmion 
shrinks with increasing Zeeman coupling. The difference between the state jzo) 
and the state \tp+) is the presence of the photoexcited hole. The electron- hole in- 
teraction favors a charge distribution for the electrons that is strongly peaked in 
the vicinity of the hole and therefore Skyrmions of small size. Bringing the hole 
closer to the electron plane increases the strength of the electron-hole interaction, 
thereby reducing the Skyrmion size. Upon decreasing g a.t a, fixed value of d there 
is a threshold to Skyrmion formation. When the hole is far away from the electron 
plane {d = oo) the threshold value of g is approximately 0.025. Reducing d lowers 
the value of g below which Skyrmions form. When the hole comes too close to the 
electron plane {d < i) there is no Skyrmion formation at any value of g. Thus we 
may expect to sec an optical signature of Skyrmions in wide {d > i) quantum wells, 
but not in narrow {d < £) wells. 

4.3. Moments of the PL spectrum 

We treat the optical recombination in the electric-dipole approximation. The lumi- 
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nescence operators for RCP and LCP transitions are given by 

L+ = emlhjn,-3/2, (21) 

m 

L- ^ fl-^Cm^ ^m,3/2 , (22) 
m 

respectively, where /i± is the product of the interband dipole matrix element and 
the overlap between the electron and hole z wave functions. There is an important 
difference between the optical recombination of a spin-i quasielectron and the op- 
tical recombination of a Skyrmion. While recombination of a spin-i quasielectron 
leaves either no spin flips (in the case of RCP) or one spin flip (in the case of LCP) 
in the final state, recombination of a Skyrmion leaves a large number of spin flips in 
the final state. For a Skyrmion with spin Sz, the number of spin flips left is |S'z + ^| 
in the case of RCP, and |S'z — ^| in the case of LCP. 

The PL spectrum is given by Eq. (^). The detailed line shape is difficult to 
calculate owing to the complicated nature of the final states containing multiple 
spin flips. However, the existing PL studies discussed in Sec. 3.3 suggest that the 
quantity of primary interest is the luminescence energy 

(uJa} — J diO UjPa{uj)- (23) 

The usefulness of moments of the PL spectrum was demonstrated by Apalkov and 
RashbaE3 in the context of the fractional quantum Hall effect. The luminescence 
energy (and other moments of the spectrum) can be obtained directly from the 
initial state Integrating Eq. (|^) with respect to lj we obtain 

M = 2nY,{E^o - Ef)\{f\L^\i,)f. (24) 
/ 

If |io) and |/) are eigenstates of H (i.e. H\io) = Ei„\iQ) and H\f) = Ef\f)) this can 
be written as 

K)=27r^(zo|4l/)(/l[^a,^]No)> (25) 
/ 

where [La, H] = LaH — HLa- We now sum over all flnal states within the lowest 
Landau level. This yields the projection operator P = |/)(/| onto the lowest 
Landau level. Since Lq, i?, and |io) are already in the lowest Landau level, the 
projection operator acts as the unit operator. Hence 

= 27r(io|il[ia,i/]No). (26) 

Expressions for the other moments can be derived in a similar way. The nth-order 
moment (w^) = / da;a;"Pa(w) is given by 

K) = 27r(*o|£l[La,i/]„|*o), (27) 
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where [La,H]n is defined by [La,H]n = [[Xq, H] and [La,H]Q = La- It is 

convenient to redefine (cj^) = where (a;°) is the integrated intensity. 

4.4. PL energies 

To calculate the energies of the RCP and LCP lines we use Eq. ( [2^ ) with n = 0,1 
and the initial state given by Eq. (H). Working out the commutator and applying 
Eqs. (Ill)-®, we find 

(^+) = 4-3/2 + £oi-C^ot' (28) 
(^-) = 4,3/2 + (29) 

where 



and 



with 



and 



oo 



Uq^ — Vjjo'oo + ^ ^mOOmkm-ll^ + ^ ^mOOmkml^, (30) 
m— 2 m— 1 

< = E^™OOn.K-ll'+E^™00™KP, (31) 



i^Sr-^i^-JP^T^ +|C/o^^-^ (32) 



^ |5e ImbB + - UZ - VZ'^oom , (33) 



4 

111 ^ ^^ff ^^^y 

e 



= ^l5eKS + C/^-C/ri-^™oo,n> (34) 



K = E ^™™w™(l"m'-il' + l«™f -1), (35) 

m'=0 
oo 

^mt ~ 5Z ^mm'mm' l^m' I J (36) 
m'=0 
oo 

^"4 ~ 5Z ^nini'mm' l"ni'-l| ) (37) 
m'=0 
oo 

^m' = ^mm' + lm+lm''^7n''^m' ■ (38) 



m'=0 



The RCP luminescence energy given by Eq. ( p8| ) is the sum of three terms. The 
first term (Cg _3/2) the energy of the hole. The second term (egj) is the energy 



of the spin-| electron at the center of the Skyrmion. The third term (C/gj') is the 
Coulomb interaction between the remaining electrons (i.e. all those except the spin- J, 
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electron at the center) and the valence hole. The LCP luminescence energy given 
by Eq. ( p9| ) also has three terms, of which only the second term {E^-^) needs further 
explanation. This term represents the energy of the spin-l electron at the the center 
of the Skyrmion. Removing a spin-| electron from the m = state breaks the pair 
bond with the spin- J, electron in the m — I state. Hence E^^ involves not only e^p 
but also and the pair interaction Uq''. 

In Fig. 7 we show the mean luminescence energy 

(uj) = (39) 

as a function of g and d. Starting from g — 0, the mean luminescence energy 
increases monotonically until g reaches a threshold gc- Above the threshold (w) 
does not vary with g. The threshold is gc — 0.025 when d — oo and becomes 
smaller as the hole is brought closer to the electron plane. By setting Um — and 
= 1 in Eqs. (p8|)-(^ (but keeping u-i = —1) we can show that for a spin-i 
quasielectron (w) does not depend on g. Hence a variation of (lo) with g signals the 
presence of Skyrmions in the initial state. 

4.5. Redshift 

We now consider the PL spectrum at filling factor = 1' . In the context of the 
present model — which includes disorder for the hole — the initial state at = 1^ is 
given by \io) = |0). The energy of this state is 

oo 

^io — ^Onij ~ ^ ^maOm- (40) 
m=0 

Since there are no spin-| electrons in the initial state the RCP line is missing from 
the PL spectrum. The final state after LCP recombination is |/) = eo||0) with 
energy 

^ OO 

Ef = -\geUiBB+Y,ymOmO- (41) 
Thus the PL spectrum dX v — \~ consists of a single LCP line at 

-j^ oo oo 

= ^0,3/2 ~ -j\9e\^J'BB - ^ ^„TomO " ^'"OOm- (42) 



The redshift of the LCP line is given by the difference between Eq. (^9|) and 
Eq. (p2[). For a spin-i quasielectron the redshift does not depend on g. Setting 
Um — and Vm — 1 we find 

A.._=y„-oo-K,'cfoo- (43) 

For a Skyrmion the redshift does depend on g. Hence a measurement of the g 
dependence of the redshift provides a way to distinguish between the optical recom- 
bination of a Skyrmion and the optical recombination of a spin-i quasielectron. 
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In practice g may be varied by tilting the magnetic field away from the normal 
to the 2D plane or by applying hydrostatic pressure. The tilted-field method was 
discussed earlier in Sec. 2.3. While the spin couples to the total field (Stot), the 
orbital motion is controlled by the perpendicular field {B±). Hence g = g±/ cos9, 
where g± — ^\ge\lJ'BB±/{e'^/ei±) (with i± — ^JhcjeBx}), and d is the tilting angle. 
Note that tilting the magnetic fieldJiicreases g. An alternative way of varying g 
is by applying hydrostatic pressurdZlo. The Lande g factor in GaAs (^e — —0.44) 
differs from the g factor for free electrons (t^e — 2.0) due to the mixing between 
the conduction band and the spin-orbit split valence band. Applying hydrostatic 
pressure increases the bandgap, thereby reducing the amount of mixing between the 
two bands. As a result the g factor becomes more free-electron like when pressure 
is applied. The variation of g^ with applied pressure has been calculated by Holmes 
et a/Ej using k-p perturbation theory. In the pressure range from to 10 kbar they 
find ge = —0.43 -I- 0.02p, where p is the pressure (in kbar). Note that \ge\ decreases 
upon applying pressure. 

In Fig. 8 we show the calculated variation of the redshift with tilting angle 
(6) and applied pressure (p), for a GaAs/Gai_a;Ala;As quantum well with rig = 
10^^ cm^^ and a separation of 400 A between the electron and hole planes. Upon 
tilting the field by 60° the red shift increases by 0.6 meV, while raising the pressure 
from 1 to 10 kbar reduces the red shift by 0.4 meV. In both cases the change of the 
redshift is well within the experimental resolution (typically 0.1 meV). 

4.6. Finite-size effect 

Thus far we have considered a model in which the electrons and the hole are confined 
to infinitely thin planes separated by a distance d. In reality the electron and hole 
wave functions have a finite extent along z (Fig. 3). We now discuss the effect of 
the finite extent of the z wave functions on the PL spectrum for two particular 
device designs used in recent experiments: an asymmetric quantum well, and a 
single heterojunction. 

We first consider the tilted-field experiment for an asymmetric quantum well. 
The parallel component of the magnetic field (By) causes a diamagnetic shift of the 
electron and hole subband energies {Eg and HHq). This leads to an additional 9 
dependence of the PL energy, which does not occur in the strictly 2D system. For 
a weak_4)arallel field the diamagnetic shift may be calculated using perturbation 
theoryeS. The additional 9 dependence of the PL energy is then given by 

A(c.„) = -ce{Az^r+^-c,iAz,r ^^^^ 

where Aze {Azh) is the spread of the electron (hole) wave function along z, and 
Wee (we/i) is the electron (hole) cyclotron energy. For example, if Aze = 50 A 
and Az/i = 100 A, tilting the field by 45° at Bj^ = 4 T increases the PL energy 
by 0.8 meV. This exceeds the change in (w) due to the presence of Skyrmions in 
the strictly 2D system (Fig. 7). A measurement of the variation of (uj) with 9 
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may therefore be less suitable as a means of detecting Skyrmions in an asymmetric 
quantum well. However, because the subband energies are shifted equally on both 
sides oi f — 1, the redshift of the LCP line remains unaffected by The 9 

dependence of the redshift hence provides a means of detecting Skyrmions in an 
asymmetric quantum well. 

In a single heterojunction the spread of the hole wave function is different on 
either side oi v ~ 1: for < 1 the hole is essentially free (large Az/j), while for ly > 1 
the hole is confined near the electron plane (smaller Azh) due to the formation of 
an interface excitonEl. The diamagnetic shift of the hole subband energy {HHq) 
for u < 1 then differs from the diamagnetic shift for > 1. As a result, the redshift 
of the LCP line acquires an additional 9 dependence given by 

Auj- = ^ tan 9, (45) 

where Az^> (Azh<) is the spread of the hole wave function for > 1 (i^ < 1). Since 
Azhy < Azh< the additional 9 dependence leads to a decrease of the redshift with 
tilt angle, which may overwhelm the increase with tilt angle obtained for the strictly 
2D system (see Fig. 8). This can explain the decrease of the redshift with tilt angle 
observed by Davies et al.Cn in their recent experiments on a single heterojunction. 
The additional 9 dependence may be suppressed by applying a gate voltage to the 
heterojunction, which confines the hole equally on both sides of = 1. 

The application of hydrostatic pressure also causes shifts in the electron and 
hole subband energies due to the different pressure dependences of the GaAs and 
Gai_a;Ala;As bandgaps. This leads to an additional pressure dependence of the PL 
energy which does not occur in the strictly 2D system. For an asymmetric quantum 
well the redshift of the LCP line remains unaffected because the subband energies 
are shifted equally on both sides oi ly ~ 1. 

5. Optics with Skyrmions in Pure Systems 

We now turn to a study of the optical properties of Skyrmions in pure systems. 
The initial state in a pure system is considerably different from that in a disordered 
system. In the absence of disorder the photoexcited hole is no longer localized near 
a minimum in the disorder potential. Thus Eq. (^ does not provide an adequate 
description of the initial state in a pure system. 

To get an idea of what the initial state should look like, consider the recombina- 
tion of ordinary electrons and a holes in a pure system. The initial state in this case 
is the well-known magnetoexcitorcj. The magnetoexciton has a quantum number 
P, which plays the role of the total momentum in a magnetic fieldEJ. The energy 
spectrum consists of a series of bands i?„m(P), where n and m are the Landau- level 
indices of the electron and the hole, respectivelyCJ. For an electron and a hole in 
the lowest Landau level the dispersion is i?oo(P)- Momentum conservation allows 
only magnetoexcitons with P equal to the photon wave vector to radiate. At optical 
frequencies the photon wave vector may be neglected. The PL spectrum is then 
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determined by the recombination of magnetoexcitons with P = 0. 

In hght of the above considerations a number of questions arise with regard to 
the optical properties of Skyrmions in a pure system: 

• Can a Skyrmion bind with a hole to form a "Skyrmionic" exciton? 

• Does such a Skyrmionic exciton have P as a good quantum number? 

• What is the dispersion relation of a Skyrmionic exciton? 

• What selection rules apply to the recombination of a Skyrmionic exciton? 

Below we aim to answer these questions. We start by exposing the underlying 
symmetry that is responsible for the conservation of P in a pure system. 

5.1. Magnetic translation group 

Conserved quantum numbers are a consequence of the invariance of a system under 
a group of symmetry operations. A well-known example is the angular momentum 
quantum number m, which results from invariance under rotations about the z 
axis. The symmetry group associated with the quantum number P is the magnetic 
translation groupE^. Consider a particle of mass m* and charge g in a magnetic field 
B = Bz. Because the vector potential A(r) = x r depends on r, the Hamiltonian 
H = 2^[^*^ ~ f -^(i")]^ is '^ot invariant under ordinary translations Tr = e~^ '^. 
However, H is invariant under magnetic translations Mr — e~'^'^, where P = 
— zV + |A(r). Using the Baker-Haussdorf theorem, the magnetic translation can 
be written as Mr = E^T^, where i?R — exp(i|A(R) -r) is a gauge transformation. 
The gauge transformation compensates for the shift in the argument of the vector 
potential due to Tr. 

In contrast to the ordinary translation group, the magnetic translation group is 
not Abelian. From the definition of Mr one can show that two successive magnetic 
translations satisfy the commutation relation 

MrMr, = e'^*MR,MR, (46) 

where $ = B • (R x R') is the flux enclosed by the parallellogram subtended by 
R and R'. Equation (Q) lies at the heart of some remarkable phenomena exhib- 
ited by charged particlesin a magnetic field, such as the Aharonov-Bohm effectEJ, 
the Hofstadter butterfljcj, and flux quantization in superconductorsc2l. Applying 
Eq. (^) to infinitesimal magnetic translations yields the commutation relation for 
the generators of the magnetic translation group: 

[P.,Py]^~l^. (47) 

Because the generators of the magnetic translation group do not commute, the en- 
ergy eigenstates of a charged particle in a magnetic field can be chosen as eigenstates 
of either P^. or Py (Landau gauge), or as eigenstates of + Py (circular gauge), 
but not as eigenstates of both Px and Py simultaneously. Hence P is not a good 
quantum number for a charged particle in a magnetic field. 
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The commutator in Eq. ( p7[ ) has the opposite sign for particles of opposite 
charge. The x and y components of P = —iVi — iV2 + |A(ri) — |A(r2) therefore 
do commute with each other. Hence P is a good quantum number for two particles 
of opposite charge in a magnetic field. This is the classic result first obtained 
by Gor'kov and Dzyaloshinskii for an exciton in a magnetic fielda. Gor'kov and 
Dzyaloshinskii further showed that P plays the role of the total momentum of the 
exciton in a magnetic field. This result can be understood in a simple way by 
considering the exciton not as two separate particles of opposite charge, but as one 
composite particle of zero charge. The motion of a neutral particle is unaffected by 
a magnetic field. Hence the center of mass of the exciton moves as a free particle 
whose energy eigenstates can be characterized by the total momentum P. More 
generally it can be shown that for a system of N charges with X^iLi 1i = 0' ^^le x 
and y components of 

N 

P = EHV+^A(r,)] (48) 

commute with each other. Thus the energy eigenstates of any neutral system of 
charges may be characterized by a conserved quantum number P. 

5.2. Variational approach to Skyrmionic excitons 

A Skyrmionic exciton consisting of a negatively charged Skyrmion and a hole is a 
charge neutral object. The Skyrmionic exciton must therefore have P as a good 
quantum number. Below we construct a variational wave function for a Skyrmionic 
exciton that has a definite value of P. 

The initial state consisting of a Skyrmion and a hole localized at the origin 
[Eq. (H)] can be written as |io) = o\j\^), where 

oo 

4 = n i-^^rnel,+iie„,] + i'm)4i4m, ' (49) 

This state is not an eigenstate of P. We construct an eigenstate of P by analogy with 
the tight-binding method for constructing Blpch states (which are characterized by a 
wave vector k) from locahzed atomic orbitalsE^. We first define a state jiR.) = OrIO), 
where 

al, = M^alMl. (50) 

The state Izr) describes a Skyrmion and a hole localized at R. In the absence of 
disorder the states I^r) are degenerate with respect to R. In the context of the tight- 
binding method this corresponds to the degeneracy of atomic orbitals on different 
sites. We form an extended state |zp) = ap|0) by taking a linear superposition of 
localized states whose coefficients are plane waves: 

al,^ j cPHe'^-^al^. (51) 
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Now consider the transformation properties of |zp) under magnetic translation. 
Magnetic translation of an eigenstate of P gives back the same state multiplied 
by e~*^'^. Because magnetic translations act as an Abelian group on neutral 
excitations, M^a^^,M^ = a^^p^, . Using this in Eq. ( |5l| ) gives 

Mr4Mr = e-'^'^al., (52) 

which shows that |ip) is an eigenstate of P. 

The state \ip) = ap|0) given by Eqs. (^9|)-(^ describes a Skyrmionic exciton 
with generalized total momentum P. It has an equal probability of finding the 
Skyrmion and the hole anywhere in the x-y plane. Because Mr commutes with H 
the states \ip) with different P are orthogonal and uncoupled by H. The energy of 
the Skyrmionic exciton may be obtained by minimizing 

^sx(P) = (53) 

The values of Um and that minimize the energy will now depend on P._For 
u„i = and Vm = 1 we recover the magnetoexciton in the lowest Landau leveled. 



5.3. Energy of the Skyrmionic exciton 

In this section we give an outline of the calculation of Esx(P) starting from Eq. (|5^). 
The numerical results of the calculation are presented in Sec. 5.4 (for P = 0) and 
Sec. 5.5 (for nonzero P). 

We first calculate the denominator of Eq. ( |53| ) . Using Eq. ( ^l| ) , the denominator 
can be written as 

(*pNp) = sJ d^Re-''^-^{iM, (54) 

where 5* is the sample area. In the coordinate representation |io) is the prod- 
uct of the hole state (j)Q{r) and a Slater determinant of electron orbitals '!/'m(r) = 
— Um0m+i(r)xi +i'm0m(r)XT' whcrc xi and X| are spin wave functions. Similarly, 
zr) is the product of the hole state Af^0Q(r) and a Slater determinant of electron 
orbitals MR'0m(r). The overlap between two Slater determinants is mven by the 
determinant of the matrix of overlaps between the two sets of orbitalfil. Hence 

(^rNo) =e-^det|A(R)|, (55) 

where A(R) is a matrix whose element A,„m/(R) is the overlap between MRV'm(r) 
and ipm' (r) . The factor in front of the determinant is the overlap between the hole 
states. Since xi and X] are orthogonal, 

Ajnm'CR) = U*iUm'A„+i^,„/ + i(R) + V*-^V,n' ^mm' (R) , (56) 

where Amm/(R) is the overlap between MR0m(R) and 0„j/(r). The matrix A(R) 
plays a crucial role in the calculation of the energy of the Skyrmionic exciton. Its 
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matrix elements are given by (R = X + iY) 

where L™ is a Laguerre polynomial. 

In their current form, Eqs. (|55|)-(^7|) do not provide a practical way of calculating 
(^r|*o)- This is because the size of the matrix A(R) is determined by the degeneracy 
of the Landau level, which becomes infinite in the thermodynamic limit. However, 
on physical grounds we expect that («r|«o) should only depend on those m states for 
which Um and Vm are different from and 1, respectively. This is indeed the case. 
Setting Ujn = and Vm = 1 for m > M, we can rewrite Eq. ( |55| ) in terms of a matrix 
whose size is determined by M. The algebraic manipulations that are involved 
essentially amount to a particle-hole transformation, whereby the filled v = I state 
|0) becomes the vacuum state for spin-f holes. The transformed expression does 
provide a practical way of calculating (inl^o)- A final Fourier transform then yields 
(ip|ip). 

Next we turn to the calculation of the numerator in Eq. (jH). Using Eq. dsi]), 
the numerator can be written as 

{ip\H\ip) =Aj rf2Re-P-R(jj,|i7|io). (58) 

To evaluate («R|i?|jo) we use Wick's theoremll. This theorem allows us to decom- 
pose the matrix element of a product of n creation and n annihilation operators 
between the states |io) and jiR) into a product of "propagators" 

G^.^-.^(R)= ^'"'^-;.^''^^r'''°^ (59) 

where ej„£, (R) creates an electron of spin a in the state Mrc/)™ (r) . The "propagator" 
Gmam'a'i^) givcs the probability amplitude that, if a hole is created in a state 
with angular momentum m' and spin a' centered on R' — 0, it will "propagate" 
to a state with angular momentum m and spin a centered on R' = R. In the 
coordinate representation the "propagator" is given by the overlap between two 
Slater determinants with one electron missing. This overlap can be expressedEil in 
terms of the minors of the determinant of A(R). The minors in turn are related to 



the inverse of A(R). We thus obtain 

G„x™,x(R) = <„_i<„._iA-}_i^_i(R), (60) 

G„t™'t(R) = <^Vm'A-J,^{^), (61) 

Gtox,„'|(R) ^ ■uJ;^_iW„'A,7j^_i ,„,(R), (62) 

G™t,„'x(R) = <„m™'_iA,7^|„,_i(R). (63) 



(m' > m) 
(m > to') 



, (57) 
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At R = we have A-^„,(0) = Sm,n', and Eqs. ®-(|3|) reduce to Eqs. ([l2|)-(|l|). 
The matrix element of H is given by 

= e'j, + C/^(R) + U"(R) - C/'="(R) - C/^'=(R) - U^''(R), (64) 
where e'^. is the energy of the hole'*, and 

C/^(R) = i|5re|Ms^Xl^"™'W('^'"T™'T(R-)-Gmim'i(R)+W), (65) 

mm' 

[/■^(R) = 2 X! Kim'm"m"'(R')(G'mim"'i(R-) + G'mtm"'T(R-) - ^mm'") 



mm' ra" m" 



X (G'm'Xm"x(R) + G'm'|m"|(R) — (5„i',„"), (66) 

J7''^(R) = - ^ F^'^,„„„,„(R)(GmXm"x(R)G',„'x,„"x(R) 



2 

mm' m" m" 



+ Gm|m"T (R')G'm'Tm"'T (R-) ~ Smm"Sm'm"'): (67) 
[/"''(R) = ^ y,^j'^,„„_i„,„_^i(R)G'mXm"_i|(R)G'm'|m'" + ix(R), 



mm m m 



[/"''(R) — ^ 1/^00^, (R)(Gmim'i(R-) + GmTm'T(R-) - l^mm') J (69) 
mm' 

with 

^mm'm"m"'^) — KTri'm'^m'" ^mn (R) A^'n' (R), (70) 

nn' 

^m'm"m"'(I^) — KTri'm'^m'" ^mn (R-) (R) . (71) 

nn' 

One may check that at R = each of the terms in Eqs. (p^)-(p9h reduces to the 



corresponding term in Eqs. (16)-(|20|). After a suitable particle- hole transforma- 



tion [see the discussion after Eq. (|5^)], Eqs. (|64[)-(71) provide a practical (though 
cumbersome) way of calculating (iR|-ff|io). Taking the Fourier transform yields 
{i-p\H\i-p) . The calculation is completed by numerically minimizing i?sx(P) as a 
function of the parameters Um and Vm with m < M . 



5.4. Zero-mornenturn state 

The initial state with P = is of particular interest because it is the state that 
determines the recombination spectrum in a disorder less system. Figure 9(a) shows 
the difference between the energy of a Skyrmionic exciton with P = and the energy 
of a magnetoexciton with P = 0. Figure 9(b) shows the corresponding difference in 
spin. Figure 9 should be compared with the equivalent Fig. 6 for a Skyrmion bound 
to a localized hole. The two figures are very similar in their physical trends. The 

Since in the absence of disorder eJS,™^ degenerate with respect to m we have dropped this 
index. 
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size of the Skyrmion bound to the itinerant hole is determined by the same tliree 
competing effects that determine the size of the Skyrmion bound to the localized 
hole (Sec. 4.3). Again the Skyrmion shrinks with increasing Zeeman energy, and 
when the hole is brought closer to the electron plane. The threshold value of g 
below which Skyrmions form at a given d is almost the same in both figures. 

The energy and spin differences shown in Fig. 9 were obtained using a variational 
wave function with M = 14 parameters. This accounts for the discrepancy between 
the energy scales in Fig. 9 and Fig. 6 (which was obtained using a wave function with 
M = 60 parameters). In Fig. 10 we compare the energy and spin differences for the 
delocalized state |ip=o) with the energy and spin differences for the localized state 
Kr=o)) using the same number of parameters (M = 14) for both states. Ideally 
we woiild like to use as many parameters {M = 60) for the delocalized state as 
for the localized state. Unfortunately the increased complexity of the calculation 
limits us at present to a maximum of M = 14 parameters. We believe that this 
number of parameters is sufficient to capture the essential features. We have found 
that increasing the number of parameters from M = 10 to M = 14 increases the 
absolute value of AE and AS^, but does not alter their behaviour with g and d. 
We therefore expect that the results of a calculation with M = 60 parameters will 
be similar to those shown in Fig. 9, except for a change of scale along the vertical 
axes. Figure 10 demonstrates that for wave functions with the same number of 
parameters, the delocalized state has a lower energy and a larger spin than the 
localized state. From our results for the localized state using M = 60 parameters 
(Fig. 6) we therefore expect Skyrmionic excitons with at least 3-4 spin flips in 
systems of experimental interest. 

Most importantly, our calculation shows that the lowest-energy state probed by 
a PL experiment at = 1 is not a P = magnetocxciton. Instead, the lowest- 
energy state is a P = Skyrmionic exciton. In the following section we explore the 
consequences of this result for the optical recombination spectrum. 

5.5. Optical recombination of Skyrmionic excitons 

The selection rules for the optical recombination in a pure system require the con- 
servation of the total generalized momentum P. The conservation of P arises from 
the invariance of the pure system under magnetic translation, and is not required 
in the disordered system. In addition we still have the spin selection rule, which 
stipulates that the final state must contain \Sz + ^| reversed spins in the case of 
RCP recombination, and — ^| reversed spins in the case of LCP recombination. 
The reversed spins in the pure system are not simple spin flips, but spin waves 
which have their own momentum quantum number P. 

The selection rules allow us to make an important observation about the recom- 
bination spectrum without having to calculate the detailed line shape. Assuming 
(as usual) complete energy relaxation before recombination, the initial state is a 
Skyrmionic exciton with P = and spin Sz ■ The selection rules then require a final 
state containing jS'^ ± i| spin waves, whose total generalized momentum is P = 0. 
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For final states containing multiple spin waves, the final state energies form a con- 
tinuum between {Ef)mm — \Sz ± \\\ge\lJ'BB (corresponding to \Sz ± \\ spin waves, 
each of zero momentum), and {Ef)max = \Sz ± \\{\9e\^^BB + ^ 7r/2 /et) (corre- 
sponding to 15*2 ± i| widely separated spin-| quasielectrons and spin-t quasiholes). 
Here we have used Larmor's theorem, which says that the energy of a spin wave of 
zero momentum is given by jijelMs^, regardless of the interaction among the elec- 
trons. Hence the RCP and LCP lines have an intrinsic width \Sz ± ^\^J^TJ2e^ /et, 
where the upper sign applies to RCP and the lower sign to LCP. The LCP line has 
a larger intrinsic width than the RCP line since more spin waves are left in the final 
state. 

The intrinsic width is a unique feature of the recombination spectrum of a 
Skyrmionic exciton. A similar broadening of the line shape due to the formation 
of a spin texture has been found in the absorption spectrum of a Skyrmion bound 
to a charged impurityt3. The recombination spectrum of a magnetoexciton has no 
intrinsic width because the final state is either the fully polarized state |0) (in the 
case of RCP), or a state containing one spin wave of zero momentum (in the case 
of LCP). In either case there is only one final-state energy, and hence the spectrum 
consists of a sharp line in both polarizations. 

An additional extrinsic broadening of the luminescence lines can occur due to 
finite temperatures or the presence of a weak disorder. The extrinsic broadening of 
the recombination spectrum of a magnetoexciton has been examined in detail by 
Cooper and ChklovskiicS. They have shown that the extrinsic broadening can ac- 
countior the difference in line width of the RCP and LCP lines observed by Plentz 
et alx^ in narrow quantum wells. The observed difference in line width is also con- 
sistent with the intrinsic broadening characteristic of Skyrmionic excitons, provided 
they could form in these narrow wells. In wide quantum wells both the intrinsic 
and the extrinsic mechanisms will contribute to the broadening of the luminescence 
lines. It would be interesting to study the evolution of the line width with temper- 
ature and disorder. The difference in line width should persist to low temperatures 
and high mobilities in wide wells, where the intrinsic mechanism dominates, but 
not in narrow wells, where the extrinsic mechanism operates. 

The PL energies for the pure system can be calculated using the method of 
moments discussed in Sec. 4.4. Instead of the localized state |io), we now use the 
delocalized state |ip) in Eq. (|27|). We have calculated the energies of the RCP and 
LCP lines for transitions from the P = state. The results are qualitatively similar 
to the results for the disordered system shown in Fig. 7. The mean luminescence 
energy (w) increases with g up to a threshold gc- Above the threshold {lo) does not 
vary with g. By setting u,„ = and — 1 we can show that for a magnetoexciton 
(w) is independent of g. Hence a measurement of the g dependence of {lo) could 
be used to distinguish the optical recombination of a Skyrmionic exciton from the 
optical recombination of a magnetoexciton. However, due to the finite-size effect 
(Sec. 4.7) the g dependence of the redshift of the LCP line might provide a clearer 
optical signature. For a Skyrmionic exciton the redshift increases with g while for 
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a magnetoexciton the redshift is independent of g. Using a wave function with 
M = 14 parameters, we find that the redshift increases by 0.03 e'^/ei when g varies 
between 0.025 and 0.02 (here d — 3i). The change in the redshift may be measured 
by the methods discussed in Sec. 4.6. 

5.6. Dispersion relation 

Thus far our discussion has focused on the state with P = 0, which determines the 
PL spectrum of the pure system at low temperatures. States with nonzero P can also 
be probed, for example by means of a resonant light scattering experiment. In this 
section we derive exact results for the electric dipole moment and the asymptotic 
form of the dispersion of a Skyrmionic exciton. We also discuss features of the 
dispersion relation obtained from the variational state |jp). 

The electric dipole moment of a Skyrmionic exciton is given by 

d=^PxB. (72) 

The electric dipole moment is independent of the spin, and equal to the dipole 
moment of a magnetoexciton in the lowest Landau levelEl. Equation (^2|) is a 
general result for a Skyrmionic exciton restricted to the lowest Landau level, which 



does not rely on the specific form of the variational wave function in Eqs. (49)-(|51 
To prove Eq. (^2|), we write the Gor'kov momentum for N charges in a magnetic 
field as 

N 1 

P = Vn, + -Bxd, (73) 

c 

i=i 

where 11^ = — zV^ — ^A(ri) is the dynamical momentum of charge i, and d — 
Si^i 'ii^i is the electric dipole moment. The quantities P, 11^, and d should at this 
stage be regarded as operators. We now take the expectation value of Eq. ( [73| ) in an 
eigenstate of the operator P. For a state in the lowest Landau level the expectation 
value of ^^j^ Hi is equal to zero. Hence P = iB x d, where P and d are now the 
expectation values of the corresponding operators. Taking the cross product with 
B proves Eq. (|7|). 

We can use Eq. (|7|) to establish the exact asymptotic behaviour of the dispersion 
relation for a Skyrmionic exciton in the limit |P| — > oo. Suppose that, instead of 
Eq. (|^) , we were given the exact ground state for a Skyrmion localized at the origin 
of the x-y plane. Such an exact ground state hasi^been found explicitly for the 
case of a hard-core interaction among the electronstHl. We denote the exact ground 
state by sJlO), and its energy by esK- We now use the state aj|0) = slhl^.\0) to 
construct the Skyrmionic exciton, instead of Eq. (^). The resulting state |ip) is 
an exact eigenstate of H'^ + + V'^'^ with eigenvalue e'^. + £sk- If Sol^) is within 
the lowest Landau level, |ip) has an electric dipole moment given by Eq. (|7^). 
The electric dipole moment may have two contributions: one from the separation 
between the hole and the center of mass of the Skyrmion, and one from the internal 
dipole moment of the Skyrmion relative to its center of mass. However, because the 
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Skyrmion is in its ground state the internal dipolc moment must vanish. Hence the 
separation between the hole and center of mass of the Skyrmion in the state \ip) 
is ro = d/e. The electron- hole interaction V'^'^ breaks the degeneracy of the states 
\ip) with respect to P. For large |P| the energy shift due to V'^'^ is — e^/(e|ro|). 
Thus the exact asymptotic behaviour of the dispersion in the limit |P| ^ cx) is 

i?sx(P)^<+esK-^ (74) 
An approximate dispersion law for the Skyrmionic exciton is obtained by mini- 



mizing the energy of the variational state given by Eqs. (49)-(|5l|) as a function of 
P. The results for a variational state with M = 10 parameters are shown in Fig. 11. 
Near P = the dispersion is parabolic with an effective mass that differs by less 
than 7 % from the effective mass of a magnetoexciton. As |P| increases, the energy 
of the Skyrmionic exciton approaches that of a magnetoexciton. Above a certain 
value of |P| (approximately 3.5/£ for the values of g and d chosen in Fig. 11) the 
magnetoexciton is the lowest-energy state within the variational space. 

While the variational state gives sensible results for the dispersion at small 
values of |P|, this state does not adequately describe the dispersion at large |P|. 
The dispersion obtained from the variational state approaches e'^. + i\ge\fJ.BB as 



P| — > oo, whereas we know from Eq. (74) that the exact dispersion must approach 



e'^ . -l-esK- The failure of the variational state occurs because the Skyrmion develops 
a large internal dipole moment at high |P|. To illustrate this point we calculate 
the pair correlation function 5xi(r) for the simplest variational state with M = 1. 
This state allows only one extra spin flip. The spin flip creates an additional spin-| 
electron and a spin-| hole. The pair correlation function 5x1 (r) is proportional to 
the probability of finding a spin-| electron and a spin-| hole separated by r. The 
result is 

^-9Mr) = . ,1 .p. f ^ + ^(r - Iz X P)^) e-^(--i.xP)^ , (75) 
The average separation between the spin-| electrons and the spin-f hole is 

For comparison, the pair correlation function for the localized Skyrmion is 

2.gxT(r)=«^(J + ^r^)e-^^^ (77) 

and r|| = 0. Equation (|7^) shows that the average separation between the spin- 4 
electrons and the spin-^ hole becomes larger as |P| is increased. Thus the Skyrmion 
develops an internal dipole moment. 

The internal dipole moment which is associated with flipping an extra spin in the 
state |ip) becomes energetically unfavorable at high |P|. Hence the magnetoexciton 
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becomes the lowest-energy state above a certain value of |P|. According to the 
arguments given earlier, the internal dipole moment must vanish in the exact state 
\ip). The variational state thus fails to reproduce the correct asymptotic behaviour 
of the dispersion at large |P|. Increasing the number of variational parameters 
cannot siipprcss the internal dipolc moment and thus docs not remedy this failure. 
The construction of a variational state that does produce the correct dispersion in 
the high-|P| limit is left for for future research. 

6. Summary 

In this review we have presented a detailed investigation of the optical properties of 
quantum Hall Skyrmions. Skyrmions replace ordinary spin-^ quasiparticles as the 
elementary charged excitations of a quantum Hall system at filling factor v = 1 for 
sufficiently small Zecman coupling. The optical recombination of Skyrmions with 
photoexcited holes determines the PL spectrum near v = 1 in heterojunctions and 
quantum wells where the electron-hole separation exceeds a critical value. 

The optical recombination in a disordered system takes place between a Skyr- 
mion and a hole localized near a minimum in the disorder potential. The PL 
spectrum at > 1 consists of a RCP line and a LCP line whose mean energy: (1) 
does not depend on g for spin-^ quasielectrons, (2) does depend on g for Skyrmions. 
At < 1 the spectrum consists of a LCP line shifted down in energy from the LCP 
line at > 1. The g dependence of the redshift provides a way to determine the 
nature of the negatively charged excitations using PL spectroscopy. The redshift 
increases with g if the charged excitations are Skyrmions, but does not depend on g 
is they arc spin-^ quasielectrons. The g dependence of the redshift can be measured, 
for example, by tilting the magnetic field or by applying hydrostatic pressure. 

Skyrmionic excitons — consisting of a Skyrmion and a hole bound together by 
their mutual Coulomb attraction — govern the optical recombination in a pure sys- 
tem. Skyrmionic excitons replace ordinary magnetocxcitons as the lowest-energy 
excitations probed by a PL experiment at v = 1. The g dependence of the redshift 
of the LCP line can be used to distinguish between the optical recombination of a 
Skyrmionic exciton and the optical recombination of a magnetoexciton. Skyrmionic 
excitons have their own dispersion relation in terms of a quantum number P, which 
plays the role of the total momentum in a magnetic field. The electric dipole mo- 
ment of a Skyrmionic exciton is independent of its spin and equal to the dipole 
moment of a magnetoexciton. 

It is hoped that the results presented in this review will aid in the interpretation 
of PL experiments on quantum Hall systems near filling factor v = 1. They might 
also be of relevance to spectroscopic studies at other filling factors for which the 
ground state is spin polarized. For a more detailed comparison between theory and 
experiment a calculation of the line shape is needed. Efforts in this direction are 
currently underway. 
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Figures 

Fig. 1. Spin profile of (a) a negatively charged Skyrmion, (b) a positively charged Skyrmion. 
(Adapted from Ref. 19.) 

Fig. 2. (a) Energy, and (b) spin of a negatively charged Skyrmion as a function of g = 
i|Se|/iB-B/(e2/e^). Dash-dotted line: energy of a spin-i quasielectron. 

Fig. 3. Band diagram of a one-side modulation-doped quantum well. The lowest electron (J?o) 
and hole (HHo) energy levels and z wave functions are shown. Dotted lines indicate the average 
positions of electrons and holes along z. 

Fig. 4. Magnetic-field dependence of the Eg luminescence energy from a GaAs/Gao.68Alo.32As 
hetero junction with electron density ris = 9.7 X lO"*^" cm^^ and mobility fi = 9 X 10*' cm'^V^^s^^ 
at T = 120 mK. Inset shows the luminescence spectra at selected magnetic fields. (Reprinted with 
kind permission from Andrew Turberfield.) 

Fig. 5. Comparison of PL at i/ = 1 (left column) and i/ = 1~ (right column), (a) Ground 
state before photoexcitation. (b) Initial state before recombination, (c) Final state after LCP 
recombination, (d) Final state after RCP recombination. 

Fig. 6. Difference in (a) energy and (b) spin between an initial state consisting of a Skyrmion 
and a localized hole, and an initial state consisting of a spin-], electron and a localized hole against 
a, i> = 1 background. 

Fig. 7. Mean luminescence energy (w) as a function of g, for several values of the separation d 
between the electron and hole planes. Remaining parameter values are for a GaAs/Gai— a:Ala;As 
hetero junction with electron density Us = 10^^ cm~^. The gap value Eg = 1509 meV was taken 
from Ref. 21. 

Fig. 8. Variation of the redshift of the LCP line with tilting angle (6) and applied hydrostatic 
pressure (p) for a GaAs/Gai_a; Alj;As quantum well or heterojunction with Ug = 10^^ cm~^ and 
a separation of d = 400 A between the electron and hole planes. 

Fig. 9. Difference in (a) energy and (b) spin between a Skyrmionic exciton with P = and a 
magnetoexciton with P = 0. The energy and spin are plotted as a function of the reduced Zeeman 
energy g, for several values of the separation d between the electron and hole planes. The number 
of variational parameters is M = 14. 

Fig. 10. Comparison of (a) energy and (b) spin differences for the dclocalizcd state |ip=()) and the 
localized state |«r=()). The energy and spin diflicrences were calculated using the same number of 
variational parameters (M = 14) for both the delocalized and the localized state. The separation 
between the electron and hole planes is d = M. 

Fig. 11. Solid line: dispersion relation for the Skyrmionic exciton (SX) obtained from a variational 
state with M = 10 parameters. Dash-dotted line; dispersion relation for a magnetoexciton (MX) 
in the lowest Landau level, g = 0.005 and d = 3£. 
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